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Three-Dimensional, Randomized, Network 
Model for Two-Phase Flow through Porous 

A structural model for a porous medium in the form of a randomized, three- 
dimensional network is developed that can be used to calculate permeability, 
capillary pressure as measured under static conditions and during steady-state 
flows, and relative permeabilities as measured during steady-state flows. 

This randomized network model, expressed in terms of seven free parameters, 
can be employed to correlate for a given system the singlephase permeability, the 
drainage and imbibition capillary pressure curves, and the two drainage relative 
permeability curves. The subsequent portions of the hysteresis loops for capillary 
pressure and for the relative permeabilities then can be predicted. 

The limited data available from the literature for unconsolidated packed beds 
have been successfully correlated: 100 to 200 mesh sand and uniform 181 p n  glass 
spheres. Data for a bed of sintered 200 pm glass beads also has been successfully 
described. 

SCOPE 

The configuration of the pore space in a permeable rock, in 
a bed of sand, or in an irregular bed of spheres will normally be 
at least in part a random function of position in space. Although 
the usual equations of motion are believed applicable to each 
phase moving through an individual pore, they can not be 
solved, because an a priori description of the necessary 
boundary conditions is not possible. 

The usual approach in avoiding this difficulty is to speak in 
terms of averaged variables. Formally, local volume averages 
of the equations of motion for each phase can be written that 
are valid for each point within a multiphase flow through a 
permeable structure. The advantages are that all local volume 
averaged variables are continuous functions of position in space 
and that detailed configurations for all of the various phase 
interfaces are no longer required. 

The disadvantage is that in place of this lost information we 
have several integrals, descriptions for which must be given 
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before we can proceed further. For a two-phase flow through 
a porous medium in the absence of interphase mass transfer, 
these integrals are the permeability to a single phase, the relative 
permeability for each phase, and the capillary pressure. 

In describing these integrals, one can rely strictly on empir- 
icism or correlations of experimental data. This is not entirely 
satisfactory, since there are many interacting physical phe- 
nomena. 

Here we have adopted another approach in which these in- 
tegrals are modelled through the introduction of an idealized 
structural model for the pore space bounded by the local aver- 
aging surface defined at each point within the porous medium. 
The model we have adopted is a three-dimensional, randomized 
network of sinusoidal pores. At each node in the network, we 
require mass conservation and continuity of pressure for each 
phase. A Beta probability density function is used to describe 
the distribution of the pore neck radii. 

Such a model has not been used previously. Fatt (1956,a,b,c) 
employed a regular, two-dimensional network of cylindrical 
pores. His model was modified by Dodd and Kiel(l959) to allow 
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entrapment of the wetting phase in calculating the drainage 
capillary pressure. Chatzis and Dullien (1977) extended Fatt's 
(1956,a,b,c) model to three dimensions in computing the drain- 
age capillary pressure, but they did not allow for entrapment 
of the wetting phase. Rose (1957) proposed that random inter- 
ccnnections in the network could be achieved by randomly 
blocking a portion of the pores, but he did not illustrate his idea 
with any calculations. The various statistical models (Schei- 
degger, 1954; de Josselin de Jong, 1958; Saffman, 1959; Haring 

and Greenkorn, 1970; Guin et al., 1971; Payatakes and Neira, 
1977) and simplified network models (Dullien, 1975; Payatakes 
et al., 1977) do not formally recognize interconnections among 
the pores, in the sense that they do not require mass conservation 
and continuity of pressure for each phase at each interconnec- 
tion. They can not account for bypassing and entrapment of the 
displaced phase, a nonzero irreducible saturation of the wetting 
phase at the conclusion of drainage, or a nonzero residual sat- 
uration of nonwetting phase at the conclusion of imbibition. 

CONCLUSIONS AND SIGNIFICANCE 

A structural model in the form of a randomized, threedi- 
mensional network is developed that can be used to calculate 
permeability, capillary pressure as measured under static con- 
ditions and during steady-state flows, and relative permeabili- 
ties as measured during steadystate flows. 

We suggest that this randomized network model, expressed 
in terms of seven free parameters, can be employed to correlate 
for a given system the single-phase permeability, the drainage 
and imbibition capillary pressure curves, and the two drainage 
relative permeability curves as measured during steady-state 
flows. The subsequent portions of the hysteresis loops for c a p  
illary pressure and for the relative permeabilities then can be 
predicted. 

We have successfully correlated the limited data available 
from the literature for unconsolidated packed beds: 100 to 200 
mesh sand (Leverett, 1939, 1941) and uniform 181 p n  glass 
spheres (Topp and Miller, 1966). We also have successfully de- 
scribed data for sintered 200 pm glass beads (Topp and Miller, 
1966). 

We were not suEcessfu1 in using the randomized network 
model to correlate data for consolidated sandstones. The fact 
that they were consolidated may not be significant, since we 
did not have difficulty with the bed of sintered glass beads. It 

may be that our assumptions that the pore units were geomet- 
rically similar and that a correlation existed between pore length 
and pore neck radius were not justified for a naturally consoli- 
dated medium such as a sandstone. It may also be that the local 
probability density function for the pore size distribution varies 
significantly with position within a sample of naturally con- 
solidated sandstone, in contrast with a basic assumption of our 
analysis. 

This is the first time that a structural model has been suc- 
cessfully used to correlate for a given system the single-phase 
permeability, the drainage and imbibition capillary pressure 
curves, and the two relative permeability curves. This is the first 
time that a structural model has been successfully used to de- 
scribe both the irreducible saturation of the wetting phase at 
the conclusion of drainage and the residual saturation of the 
nonwetting phase at the conclusion of imbibition. This is the 
first structural model capable of a quantitative prediction of the 
hysteresis loops for capillary pressure and the relative per- 
meabilities. 

This is also the first time that a structural model for a porous 
medium has been explicitly developed within the context of the 
local volume averaged equations of motion. 

LOCAL VOLUME AVERAGING 

Let us think for the moment about the flow of oil and water 
through a permeable rock. For most purposes, we are not partic- 
ularly concerned with the detailed velocity distribution of each 
phase within a single pore. We may not care about the average 
velocity of the oil phase or the water phase within a single pore. We 
are more concerned with the variation of the average velocity of 
the oil and water phases as they move in the rock over distances that 
are large compared with the average diameter of a pore. Our pri- 
mary concern is with averages defined for each phase at every 
position in the porous medium. The approach taken here is to speak 
in terms of local volume averages at each point in the structure 
(Slattery, 1967, 1968, 1969, 1970,1981; Pate1 et al., 1972; Sha and 
Slattery, 1980; Anderson and Jackson, 1967; Whitaker, 1969,1973; 
Bear, 1972; Bachmat, 1972; Gray, 1975; Gray and O'Neill, 1976; 
Gray and Lee, 1977; Hassanizadah and Gray, 1979). 

Let us define V to be the volume of the region enclosed by the 
averaging surface S. We will denote by R( ' )  the region occupied 
by phase i within S; V(') is the volume of phase i contained within 
S. 

Assume that B( ' )  is some quantity associated with phase i. We 
will have occasion to speak of at least two averages (Slattery, 1967): 
the local volume average for phase i of B( ' )  (the mean value of B(')  
in the region enclosed by S) 

and the intrinsic volume average for phase i of B (the mean value 
of B in R @ ) )  

Here dV denotes that a volume integration is to be performed. 
Let us limit our attention here to creeping flows of incom- 

pressible, Newtonian fluids. The local volume average of Cauchy's 
first law for phase i is (Slattery, 1968, 1970; Sha and Slattery, 
1980) 

$ is the local porosity, s(') the local saturation of (volume fraction 
of the pore space occupied by) phase i, p pressure, 2 the extra stress 
tensor or the viscous portion of the stress tensor,L the identity tensor, 
p density, b the body force (gravity) per unit mass, Ski the portion 
of the closed surface boundin R(')  composed of phase interfaces, 

b as gravity, we have treated it as a constant within the averaging 
reqmn In words, -g: is approximately the viscous force exerted on 
SSt by phase i. An order of magnitude argument allows us to con- 
clude that the second term can be neglected with respect to @:) and 
Eq. 3 reduces to (Slattery, 1969, 1970; Sha and Slattery, 1980) 

and ((i) the unit normal to S$ 7 '  pointlng into phase i .  Thinking of 

- $s'l'V ( p )  (') + + p( ' )  b = 0 (5) 
In taking the local volume average of Cauchy's first law, we have 

introduced local volume averaged variables in the discusion and 
we have eliminated the necessity for an explicit description of the 
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pore geometry. However, as in any averaging process, information 
has been lost. We are now faced with the necessity of introducing 
an empirical relationship for art). A simple argument suggests that 
for isotropic porous media. 

in which ~ ( 0  is the viscosity of phase i, k is the permeability of the 
porous structure to a single phase, k(1)* is the relative permeability 
of the structure to phase i. In view of Eq. 6, Eq. 5 can be written 
in the usual form of the extension of Darcy's law to multiphase flow 
in porous media: 

(7) 

Similarly, the local area average of the jump momentum balance 
at the interface between phase i and j requires (Slattery, 1968; Sha 
and Slattery 1980) 

The capillary pressure function pFJ)  must be determined empiri- 
cally. 

RELATIVE PERMEABILITY 

Relative permeabilities reported in the literature are derived 
from studies either of unsteady-state displacement (Johnson et al., 
1959) or of steady-state flows (Osaba et al., 1951). 

In an unsteady-state displacement, some of the fluid-fluid phase 
interfaces are moving. The relative permeabilities may be affected 
both by the properties of these interfaces as well as by the properties 
of the individual phases. 

In a steady-state flow, the phase interfaces are stationary 
(Kimbler and Caudle, 1957). The relative permeabilities observed 
in such an experiment will not be explicit functions of interfacial 
behavior. But they may be implicit functions, since the saturation 
change between two successive steady-state flows is an unsteady- 
state displacement in which the interfacial properties may play 
important roles. 

These considerations suggest that the measured relative per- 
meabilities can be influenced by the design of the experiment. 

Unsteady-state displacements of the nonwetting phase are often 
free or forced imbibitions, which result in it being trapped in the 
smaller pores (Handy and Datta, 1966; Slattery, 1974). The un- 
steady-state displacement of the nonwetting phase between suc- 
cessive steady-state flows in normally a restricted imbibition, which 
would result in it being trapped in the larger pores (Handy and 
Datta, 1966; Slattery, 1974). Handy and Datta (1966) found that 
for consolidated porous media the relative permeabilities measured 
using an unsteady-state displacement of the nonwetting phase 
differed from those determined using a steady-state flow. They 
suggested that the difference would depend upon the pore size 
distribution. The difference would be less for a narrow pore size 
distribution, since there would be less difference between the sat- 
uration histories. 

If the wetting phase is being displaced, it will be trapped in the 
smaller of those pores initially containing it (Slattery, 1974). When 
the wetting phase is being displaced, the difference between a 
relative permeability measured using a steady-state flow and that 
determined using an unsteady-state displacement could be ex- 
pected to be smaller, since there would be less difference between 
the saturation histories. This does not seem to have been investi- 
gated. 

The effects of the viscosity ratio and of the magnitude of the 
pressure gradient upon the relative permeabilities appear to depend 
upon the design of the experiment. The fraction of the displaced 
phase trapped and stranded depends upon the ratio of the viscosity 
of the displacing phase to that of the displaced phase and upon the 
magnitude of the pressure gradient (Appendix A). This suggests 
that the relative permeabilities measured using an unsteady-state 
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displacement will show a dependence upon both the viscosity ratio 
and the magnitude of the pressure gradient. But the unsteady-state 
displacements between successive steady-state flows are normally 
carried out so slowly that the effects of the viscous forces and of the 
magnitude of the pressure gradient upon the saturation history can 
be neglected with respect to those of the interfacial forces. The 
relative permeabilities determined using a steady-state flow would 
not be expected to show a dependence upon either the viscosity 
ratio or the magnitude of the pressure gradient. Using an un- 
steady-state displacement, Lefebvre du Prey (1970) found that the 
relative permeabilities he measured did depend upon the viscosity 
ratio. Using steady-state flows, Osaba et al. (1951), Sanberg et al. 
(1958), and Leverett (1939) concluded that the viscosity ratio has 
no effect on relative permeabilities; Odeh (1959) reported a similar 
conclusion for samples having large pores. Using unsteady-state 
displacements, Warren and Colhoun (1955), Peaz et al. (1955), and 
kfebvre  de Prey (1970) found that the relative permeabilities they 
measured did depend upon the magnitude of the pressure gradient. 
Using steady-state flows, Osaba et al. (1951) and Sandberg et al. 
(1958) concluded that, if boundary effects were minimized, the 
relative permeabilities were independent of the pressure gra- 
dient. 

The relative permeabilities are found to be functions of the in- 
terfacial tension both in unsteady-state displacements (Warren and 
Colhoun, 1955; Peaz et al., 1955; Lefebvre du' Prey, 1970) and in 
steady-state flows (Leverett, 1939; Batycky and McCaffery, 1978; 
Talash, 1976). Although the fraction of the displaced phase initially 
trapped is insensitive to the magnitude of the interfacial tension, 
the fraction of the displaced phase left stranded will decrease as 
the interfacial tension decreases (Slattery, 1974). 

Starting with their porous media saturated with the wetting 
phase, Geffen et al. (1951), Sandberg et al. (1958), and Land (1971) 
concluded that, after the first drainage and imbibition, the relative 
permeability curves for the second drainage retraced those found 
during the first imbibition. But Evrenos and Comer (1969) and 
Colonna et al. (1972) found no such evidence of reversibility. 

CAPILLARY PRESSURE 

Capillary pressure may be derived from pressure measurements 
under static conditions (Bruce and Welge, 1947; Purcell, 1949), 
from pressure measurements during steady-state flows (Brown, 
1951; Topp and Miller, 1966), and from measurements of satura- 
tion as a function of position under static conditions (Leverett, 
1941). 

Capillary pressure is an explicit function of interfacial tension. 
It is regarded as an explicit function of saturation instead of the 
mean curvature of the phase interfaces. Measured capillary pres- 
sures may be implicit functions of other variables, since the satu- 
ration change between two successive static conditions or steady- 
state flows is an unsteady-state displacement in which both the bulk 
and interfacial properties could play important roles. 

This indicates that capillary pressure measurements can be in- 
fluenced by the design of the experiment. 

The unsteady-state displacement of the nonwetting phase be- 
tween successive pressure measurements either under static con- 
ditions or during steady-state flows is normally a restricted imbi- 
bition; it will be trapped in the larger pores (Handy and Datta, 
1966; Slattery, 1974). If the wetting phase is being displaced, it will 
be trapped in the smaller of those pores initially containing it 
(Slattery, 1974). This suggests that capillary pressures derived from 
pressure measurements under static conditions should be in close 
agreement with those derived from pressure measurements during 
steady-state flows, since they would have similar saturation histo- 
ries. This is confirmed by Brown (1951). However, there is little 
reason to believe that they are identical. 

Measurements of saturation as a function of position under static 
conditions normally follow a free imbibition of the wetting phase 
(Leverett, 1941). In a free imbibition, the nonwetting phase will 
be trapped in the smaller pores (Handy and Datta, 1966; Slattery, 
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1974). Since the saturation history would be different, this tech- 
nique should be expected to give a different relationship for cap- 
illary pressure than either pressure measurements under static 
conditions (Bruce and Welge, 1947; Purcell, 1949) or pressure 
measurements during steady-state flows (Brown, 1951; Topp and 
Miller, 1966). 

Unsteady-state displacements between successive pressure 
measurements either under static conditions or during steady-state 
flows are normally carried out so slowly that the effects of the 
viscous forces upon the saturation history can be neglected with 
respect to those of the interfacial forces (Leverett, 1941; Dumore 
and Schols, 1974). 

Capillary pressure hysteresis has been recognized to be the result 
of contact angle hysteresis and irregularity of the pore structure 
(Melrose, 1965). 

STRUCTURAL MODELS 

That portion of a real porous medium included within an av- 
eraging surface S is a set of irregular pores of different sizes inter- 
connected in a three-dimensional network. We will refer to ide- 
alizations of this network as structural models. 

Fatt (1956a,b,c) introduced the first structural model in the form 
of a two-dimension network of cylindrical tubes. Capillary pressure 
and relative permeabilities during drainage were computed for 
several pore-size distributions and for several relations between 
pore radius and length. The model was modified by Dodd and Kiel 
(1959) to allow entrapment of the wetting phase in calculating 
capillary pressure as a function of saturation during drainage of 
the wetting phase. Chatzis and Dullien (1977) extended Fatt’s 
(1956a,b,c) model to three dimensions in computing the drainage 
capillary pressure, but they did-not allow for entrapment of the 
wetting phase. Rose (1957) proposed that random interconnections 
in the network could be achieved by randomly blocking a portion 
of the pores, but he did not illustrate his idea with any calcula- 
tions. 

As an alternative to the network model, Larson (1977) utilized 
percolation theory (Broadbent and Hammersley, 1957; Shante and 
Kirkpatrick, 1971; Kirkpatrick, 1973) to calculate the relative 
permeability curves in a Bethe tree network. Unfortunately, he 
assumes that all pores in the network have the same size. 

Statistical models in which the pores are randomly oriented in 
space have been developed by Scheidegger (1954), by de Josselin 
de Jong (1958), by Saffman (1959), by Haring and Greenkorn 
(1970), by Guin et al. (1971), and by Payatakes and Neira (1977). 
These models do not rigorously recognize interconnections among 
the pores; they do not require equality of pore pressure and con- 
servation of mass at interconnections. There is no allowance for the 
possibility that portions of the displaced phase may be bypassed 
and trapped, that there may be a nonzero irreducible saturation 
of wetting phase at the conclusion of drainage, or that there may 
be a nonzero residual saturation of nonwetting phase at the con- 
clusion of imbibition. 

The simplified network models employed by Dullien (1975) and 
by Payatakes et al. (1977) may be viewed as special cases of the 
statistical models. Rather than permitting the individual pores to 
be randomly oriented in space, these models identify the directions 
of the pores with the directions of bonds in a network, although 
equality of pore pressures and conservation of mass at nodes are 
not recognized. 

Ehrlich and Crane (1969) demonstrated that hysteresis can be 
described qualitatively with a network of capillaries having in- 
terconnections. They constructed a simple four-pore series-parallel 
network to compute drainage and imbibition relative permeability 
curves from a given pore size distribution. Their results were 
qualitatively similar to experimental relative permeability 
curves. 

In what follows, we show that a structural model in the form of 
a randomized, three-dimensional network can be used to correlate 
experimentally observed relative permeabilities and capillary 
pressures, including their hysteresis loops. 
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Figure 1. Configuration of sinusoidal pore. 

RANDOMIZED NETWORK MODEL 

In what follows, we develop a structural model in the form of 
a randomized, three-dimensional network that can be used to 
calculate permeability, capillary pressure as measured under static 
conditions and during steady-state flows (see CAPILLARY 
PRESSURE), and relative permeabilities as measured during 
steady-state (see RELATIVE PERMEABILITY). 

We will require the following idealizations. 
1) The basic representation for the pore structure enclosed by 

the averaging surface S is a randomized, three-dimensional, 
face-centered, cubic network, The bonds in the network represent 
the pores; the nodes or points of interconnection have zero volume 
and zero resistance to flow. The coordination number (number of 
pores intersecting at a node) of a face-centered, cubic network is 
12. A randomly chosen portion of the pores are assigned zero vol- 
ume; the average coordination number n of the randomized net- 
work is a free parameter. 

2) A phase is continuous across a node, whenever two or more 
pores intersecting at the node are occupied by that phase. We re- 
quire that the mass of each phase be conserved at each node. We 
also require that the pressure of each phase be single-valued at each 
node. 

3) The pore radii are sinusoidal functions of axial position 
(Slattery, 1974; Oh and Slattery, 1979). Referring to Figure 1, we 
require that the pore units be geometrically similar 

a constant 
A 
rn 
L 
r n  

A * = - =  

(9) 

where r, is the pore neck radius. This may be more reasonable for 
unconsolidated porous media than for naturally consolidated media 
such as sandstones. For convenience, a further restriction is placed 
upon A* and L* to insure that there will be no discontinuous 
movement (Oh and Slattery, 1979) of the interface during dis- 
placement. (See Eq. 21 and Appendix R . )  

4) The total pore length Lt between two adjacent nodes is re- 
lated tor ,  by (Fatt, 1956a) 

2 constant L * - - =  

Here r,,,,, and Lt,,,, are the maximum pore neck radius and its 
corresponding pore length; a is a free parameter. As with Eq. 9, this 
may be more justified for unconsolidated porous media than for 
naturally consolidated media such as sandstones. We also assume 
that 
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L 
- A p t  = - A ~ , +  

L 

where 

V t  = volume of a pore between two nodes 

V, = volume of a unit pore (a pore of length L )  

- A p t  = pressure drop across a pore between two nodes 

- A p u  = pressure drop across a pore unit of length L 

5) Pores are randomly distributed in the network by their neck 
radius r,. 

6) This random distribution of pores in the network is consistent 
with a probability density function f[(rn)/(rn,max)j represented by 
the Beta distribution (Haring and Greenkorn, 1971) 

(13) 

in which r (x) is the Gamma function. The minimum r, for the 
Beta distribution is zero. Since the probability density function 
normally is negligibly small for radii smaller than some finite value, 
a positive effective minimum r,  is obtained for the network as 
shown in Figure 4. The value of this effective minimum r, depends 
on the values assigned (Y and P. 

7) The porous medium is nonoriented or isotropic in the sense 
that there is no natural direction associated with the pore structure 
enclosed by an averaging surface. 

8) Since the configuration of the averaging surface is arbitrary, 
we choose for convenience a cube. 

9) For an isotropic porous medium, the capillary pressure, the 
permeability, and the two relative permeabilities do not depend 
upon the orientation of the averaging surface with respect to the 
gradients of the intrinsic volume averaged pressures. For conve- 
nience, we orient our cubic averaging surface such that one of the 
axes is parallel to the gradients of the intrinsic averaged pres- 
sures. 

10) The capillary pressure, the permeability, and the two rel- 
ative permeabilities do not depend upon the velocity distributions 
and pressure distributions outside the cubic averaging surface. For 
convenience, we say that, on the four sides of the cube parallel to 
the gradients of the intrinsic averaged pressures, there is no flow 
and that the pressures of both phases are constants on the inlet 
surface and on the outlet surface. 

11) The region enclosed by the averaging surface is sufficiently 
large that Monte Carlo sampling errors are small. 

12) The distribution of nonwetting phase and wetting phase 
during a displacement is determined by assuming that the capillary 
forces dominate the viscous forces. This is consistent with capillary 
pressure measurements made under static conditions and during 
steady-state flows (see CAPILLARY PRESSURE) and with relative 
permeabilities derived from steady-state flows (see RELATIVE 
PERMEABILITY). 

13) The displacing phase will invade a pore, only if the pressure 
distribution is sufficient to allow it to completely replace the other 
phase in that pore. At equilibrium or during a steady-state flow, 
a pore will never be shared by two phases. 

(14) A phase can be displaced from a pore, if and only if all of 
the following conditions are satisfied. 

i )  The applied pressure difference between the two phases 
satisfies the necessary condition for displacement. 

ii) There is a conhnuous path of displacing phase from the inlet 
of the network to the inlet of the pore. 

iii) There is a continuous path of the displaced phase from the 
outlet of the pore to the outlet of the network. 

15) The displaced phase will be trapped, whenever the pores 
which it occupies are isolated by the displacing phase. 

16) In a steady-state flow, all phase interfaces are stationary 
(Kimbler and Caudle, 1957). For this reason, the two phases can 
be treated separately in relative permeability computations. 
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17) Entrance and exit effects upon the pressure drop through 
an individual pore are ignored. 

18) Because of assumptions 13 and 17, we do not attempt to 
satisfy Laplace's equation at every phase interface during a 
steady-state flow. For the same reason, we make no attempt to see 
that Eq. 8 is satisfied during the steady-state flow computations, 
except at the entrance and exit to the system. We rely heavily upon 
assumption 12. 

19) Inertial effects are neglected within individual pores. 
20) The cubic averaging surface is sufficiently small that the 

effects of gravity can be neglected within the region it encloses. 
21) Both the wetting phase and the nonwetting phase are in- 

compressible, Newtonian fluids. 
22) The interfacial tension, the advancing contact angle, the 

receding contact angle, and the viscosities of both phases are con- 
stants. The advancing and receding contact angles are normally 
unknown in porous media. If the equilibrium contact angle is less 
than 21.6", Morrow's (1975) class I11 contact angle hysteresis 
suggests that both the advancing and receding contact angles are 
zero. For convenience, we will take both the advancing and re- 
ceding contact angles to be zero, although we will see that this as- 
sumption has little effect upon the results. 

23) In comparing our results with available experimental data, 
we assume that the probability density function f[ (rn )/(rn,max)], 
which describes the pore neck radius distribution within the region 
enclosed by the averaging surface, is independent of position. 

CAPILLARY PRESSURE CALCULATION 

The static pressure difference across a phase interface in a single 
pore, the radius of which is a sinusoidal function of axial position, 
is given by the LaPlace equation as (Oh and Slattery, 1979) 

(14) p ( n w )  - p ( w )  = - 2y g(8, A*,  L*, 2 ' )  

rn 

where 

Here P ( " ~ )  is the pressure in the nonwetting phase, p ( w )  the pressure 
in the wetting phase, y the interfacial tension, and I)  the contact 
angle measured through the wetting phase. For a given set of 8, A*, 
and L*, g(z* )  is a periodic function. 

Prompted by Eq. 8, let us define the capillary pressure p ,  for our 
two-phase system as 

p ,  = ( p )  (nu)  - ( p )  (LO) (17) 

Capillary pressure is a function of both saturation and saturation 
history. 

Let us begin with all of the pores space enclosed by the averaging 
surface filled with the wetting phase. This corresponds to saying 
that p ,  = 0. At the inlet to the region enclosed by the averaging 
surface, increase p ,  incrementally. There will be no displacement, 
until p ,  exceeds some threshold value required to displace the 
wetting phase from the pore having the largest diameter of those 
pores which intersect the inlet. As p ,  is increased above this 
threshold value, wetting phase is drained from the system and is 
replaced by the nonwetting phase. Since wetting phase is being 
drained from the system, we refer to the drainage capillary pressure 
and designate it as pcd.  For each incremental change in pcd at the 
inlet, we compute the corresponding change in the saturation of 
the wetting phase by starting at the inlet, applying assumption 14, 
and recognizing that the wetting phase will be displaced from a 
pore only if 
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A>-=--- 2 
2y (max [g (&, A*,  L*, z*)ll (18) 

rn,max pFd Pcdrn,max 
Here max[g (or ,  A*,  L*, z* ) ]  is the maximum of g in 0 5 z* < L* 
for constant 8,, A*, and L*; 8, is the receding contact angle. As Pcd 
is increased, not all of the wetting phase will be displaced from the 
region enclosed by the averaging surface. There is an irreducible 
saturation of wetting phase corresponding to that portion of the 
wetting phase which has been bypassed and trapped according to 
assumption 15. 

Starting from the irreducible saturation, let us now decrease p, 
incrementally at the entrance for the averaging region. There again 
is a threshold value of pc, above which the saturation of the wetting 
phase is unchanged. As p, is decreased below this threshold value, 
the wetting phase imbibes, replacing the nonwetting phase. Since 
the wetting phase is imbibing into the system, we refer to the im- 
bibition capillary pressure and designate it as pd. For each incre- 
mental change in p,. at the inlet, we compute the corresponding 
change in the saturation of the wetting phase by starting at the inlet 
for imbibition, applying assumption 14, and recognizing that the 
nonwetting phase will be displaced from a pore only if 

r, <-=- 2' {min [g ( ~ , , A * , L * ,  z * ) ] )  (19) 
rn,max Pcirn,max 

Here min [g (8,, A*, L*, z * ) ]  is the minimum of g in 0 I z* < L* 
for constant 8,, A*, and L*; 8, is the advancing constant angle. As 
pd is decreased to zero, not all of the nonwetting phase will be 
displaced from the region enclosed by the averaging surface. There 
is a residual saturation of nonwetting phase corresponding to that 
portion of the nonwetting phase which has been bypassed and 
trapped according to assumption 15. As we shall see shortly, the 
result will generally depend upon whether the inlet for imbibition 
corresponds to the inlet or exit for drainage. 

Second drainage capillary pressure functions and second imbi- 
bition capillary pressure functions can be constructed in a similar 
fashion. Further hysteresis loops result from stoping short of either 
the irreducible saturation or residual saturation. 

Given assumption 22, we see that 

max[g (or, A*,  L*, z* ) ]  = 1 (20) 

When a wetting phase is displaced by a nonwetting phase, it is 
possible that a small portion of the wetting phase will be trapped 
as a ring along a portion of the pore wall (Oh and Slattery, 1979). 
This results in a discontinuous movement of the phase interface 
during the displacement (Oh and Slattery, 1979). Because of this 
entrapment, the imbibition after the first drainage will also have 
a discontinuous movement, which will affect the minimum of g. 
The position of the discontinuous movement and the volume of the 
trapped wetting phase depend upon 8,, A*, and L*. When the 
receding contact angle is zero, the necessary and sufficient con- 
dition for continuous movement of the interface is (Appendix 
B) 

If the pore geometry satisfies the above relation and if the ad- 
vancing contact angle is zero, the minimum of g occurs at z *  = 
0.5L* and 

1 
min[g (o,, A*, L*, z * ) ]  = - 

1 + A *  
It will be shown later that the values of 0, and Or have no effect 

on the shapes of the hysteresis loops which we predict. 

SINGLE-PHASE PERMEABILITY CALCULATION 

Neglecting inertia as well as the effects of the entrance and the 
exit, Neira and Payatakes (1979) have computed the volume rate 
of flow 9 through a sinusoidal pore of length L as [see also Fedkiw 
and Newman (1977) or Deiber and Schowalter (1979)l 

where 

,_% 
L* 

and AP; is taken from their Figure 1. For a pore of length Li, Eqs. 
10,12 and 23 give 

9* E 9 
C CL Lt,max 

in which 

(25) 

and (- ApN) is the pressure drop over the network. 
For a given network of pores and for a given pressure drop (- 

ApN) over the network, the pressure and velocity distributions in 
the network are determined by requiring Eq. 25 to be satisfied in 
every pore, mass to be conserved at every node 

and pressure to be single-valued at every node. 
An integral momentum balance for the network shows us that 

In writing this, we have neglected any viscous forces at the en- 
trances and exits for the network. Because of the regularity of the 
network, (LN)2 1c, represents the cross-sectional area available for 
flow at both the entrance and exit for the network, where 

is the length of a side of the cubical averaging surface. In arriving 
at this last expression, we have used Eqs. 10, 11  and 

V, = a(rn)3L* 1 + A* + (30) ( 
From Eqs. 4,6,  and 28, we conclude that the permeability of the 
network to a single phase is 

The magnitude of the local volume averaged velocity for the 
network is 

with the understanding that cp is the angle between 5 and the axis 
of a pore in the network and the summation is taken over all pores 
in the network passing through a plane perpendicular tog. With 
Eq. 32, we can rearrange Eq. 31 in the form 

3 113 

8 
1 + A* + -A*'))  (Lt,max)4/3 

aL*J/1/3 (rn,max)10/3 
k* G k  

= 9r; (Vr;)-'/3 (33) 

where 
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and 

v* = 
N -  

9;; = c q*coscp (34) 
PLANE 

a+2 
x ,y vt = c (2) (35) 

ALL ALL rn,max 

RELATIVE PERMEABILITY CALCULATION 

In a steady-state, twephase flow, assumption 16 allows us to treat 
each phase separately. By assumption 12, the distribution of wetting 
phase and nonwetting phase in the network is determined in the 
corresponding capillary pressure calculation. 

By analogy with the analysis we gave above for the single-phase 
permeability, we find 

The dimensionless volume rate of flow of phase i through the 
network is 

q v  = c q@)* cosp  (37) 
PLANE 

with the summation now being taken over all pores filled with 
phase i passing through a plane perpendicular to @. 

MONTE CARL0 SOLUTION 

A number of parameters have been introduced in the preceding 
sections: Oa, Or, A*, L*, a, 0, rn.max, a, n, and the total 
number of pores in the network enclosed by the averaging surface. 
For the moment, let us assume that they all have been assigned 
values. In the next section, we will describe the manner in which 
we determined sub-optimal choices for these parameters. 

For each set of computations, we began by randomizing a reg- 
ular, face-centered, cubic network. A pseudo-random number 
generator of a uniform probability density function was used to 
generate random numbers between 0 and 1, one for each pore in 
the network. Those pores whose random number was less than (1 
- n/ l2)  was assigned zero volumes. Any pores belonging to a 
cluster that was not accessible to fluid were assigned zero 
volume. 

Pore radii were randomly assigned to those pores having nonzero 
volume. A pseudo-random number generator of a Beta probability 
density function was employed to generate a random number 
between 0 and 1 for each pore. This number was identified as 
r n l r n m a x .  

The dimensionless total sccessible pore volume V i  was calcu- 
lated from Eq. 35. 

In order to determine the pressure p *  at each node in single- 
phase flow through this network, we solved simultaneously all of 
the Eqs. 27 using Gauss-Seidel iteration. In doing so, we recognized 
that p *  = 1 at the entrance to the network, p *  = 0 at the exit from 
the network, and by assumption 10 there is no flow on the other 
four sides of the averaging surface bounding the network. This 
permitted us to compute the dimensionless volume rate of flow qh 
through the network from Eqs. 25 and 34 and the dimensionless 
single-phase permeability k* from Eq. 33. 

Our next objective was to determine capillary pressure and the 
relative permeabilities during drainage. Starting from 100% 
wetting phase saturation and P2.d = 0, we increased p;d in small 
increments. For each value of p,'d, the wetting phase saturation was 
determined by applying assumption 14 and inequality (Eq. 18). 
The volume of wetting phase trapped was computed using as- 
sumption 15. Recognizing assumptions 12 and 16, we employed 
Eq. 37 to calculate for each phase qfi)'. We were able to determine 
the corresponding relative permeability k({)* from Eq. 36. This was 

repeated for successive increments in pEd until the irreducible 
saturation of wetting phase was reached. 

Capillary pressure and the relative permeabilities during the 
imbibition were determined in a similar fashion. Starting from the 
irreducible saturation, p l i  was decreased in increments and the 
wetting phase was allowed to reimbibe into the network, displacing 
a portion of the nonwetting phase. For each value of p i i ,  assumption 
14 and inequality (Eq. 19) were applied to determine the wetting 
phase saturation. 

The dimensionless capillary pressure and relative permeabilities 
during the second drainage were found in a similar manner to those 
for the first drainage, but starting from the residual nonwetting 
phase saturation. The dimensionless capillary pressure and relative 
permeabilities during the second imbibition were calculated in a 
manner analogous to those for the first imbibition. 

Note that an infinite variety of additional hysteresis loops for 
capillary pressure and the two relative permeabilities can be found 
by terminating a drainage or imbibition at any intermediate sat- 
uration of the wetting phase. 

Because we began each computation by constructing a ran- 
domized network with a randomly assigned pore size distribution, 
the computation had to be repeated a number of times so that 
meaningful averages could be reported. We normally repeated 
each computation ten times. 

SUBOPTIMIZATION OF PARAMETERS 

Our objective was to use the preceding Monte Carlo computation 
based upon our network structural model in order to correlate for 
a given system the single-phase permeability, the drainage and 
imbibition capillary pressure curves, and the drainage relative 
permeability curves. The parameters determined in this manner 
could then be used to predict the subsequent portions of the hys- 
teresis loops for capillary pressure and for the relative permea- 
bilities. 

Some parameters were fixed on the basis of other consider- 
ations. 

From Eqs. 18 and 19, we see that the advancing and receding 
contact angles Oa and 8, have no effect upon the predicted satu- 
ration distribution corresponding to a given capillary pressure that 
can not be balanced by adjusting the values chosen for A * and L *, 
As explained in assumption 22, we chose Oa = 0, = 0. 

In our analysis, the choice of L* has no effect that can not be 
balanced by adjusting the values of A*, r,,,,,, and Lt,max. Pay- 
atakes et a]. (1973) estimated that L* = 5.2 for a randomly packed 
bed of spheres and that L* = 5.5 for a packed bed of sand. Fedkiew 
and Newman (1977) suggested that L* = 5.0. For the sake of 
simplicity, we choose L * to be so large as to preclude any discon- 
tinuous movement during drainage (Oh and Slattery, 1979). In- 
equality (Eq. 21) is satisfied for most porous media by setting L* 
= 6, which was also suggested by Oh and Slattery (1979). 

The number of pores in the network was taken to be sufficiently 
large that the Monte Carlo sampling error was small, yet suffi- 
ciently small that the computation time was reasonable. For the 
majority of this study, we used networks containing either 1,728 
or 3,300 pores prior to randomization. 

We see from Eqs. 18 and 19 that 

pEi = PEi ( s ( i ) ,  a, P,  n, a )  (39) 
In calculating the saturation, all dependence upon A*, rn,rnax, and 
Lt,rnax is eliminated. From Eqs. 25,27,34,36 and 37, we conclude 
that for both phases 

kW* = kO)* ( s ( l ) ,  a, p, n, a )  (40) 

The dimensional single-phase permeability does depend upon all 
seven remaining parameters: 

(41) k = k (a,  P, n, a, A*,  rn,max, Lt,rnax) 
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It was not possible to determine optimal values of a, @, n, a, A*, 
T,,,,,, and using one of the standard optimization tech- 
niques. It was difficult to define an objective function, particularly 
since this was a lengthy Monte Carlo solution. (Given a network 
containing 1,728 pores and one set of parameters, it took 4-6 
minutes of CDC 6600 computer time to compute one estimate of 
the first hysteresis loop for capillary pressure and the first hysteresis 
loops for the relative permeabilities.) We consequently adopted 
the following simpler approach. 

For every set of a, @, n, and a, the parameters A*  and r,,,,,, 
were determined by fitting the experimental drainage capillary 
pressure curve and the experimental imbibition capillary pressure 
curve using Eqs. 18 and 19. The corresponding value of Lt,max was 
fixed by matching Eq. 33 to the experimental value of the single- 
phase permeability. 

Where possible, the parameters n and a were subsequently fixed 
by requiring the predicted irreducible wetting phase saturation 
and residual nonwetting phase saturation to match the corre- 
sponding experimental results. 

Starting with a smaller network (756 pores), we applied a simple 
pattern search to determine approximate values for a and @ that 
would give the best fit of the drainage capillary pressure curve and 
the drainage relative permeability curves. We then switched to the 
normal size network to complete the search. We required the ac- 
curacy of our iteration to be of the same order as the Monte Carlo 
sampling error. 

COMPARISON WITH AVAILABLE DATA 

There are few experimental studies that have reported hysteresis 
loops both for capillary pressure and for the relative permeabili- 
ties. 

100 to 200 Mesh Sand 

In determining the capillary pressure curve for this system, 
Leverett (1939, 1941) measured saturation as a function of position 
under static conditions. He began with a free imbibition of the 
wetting phase, starting from zero wetting phase saturation. The 
displacement mechanism in this type of experiment is different 
from the restricted imbibition described in assumption 12 (Handy 
and Datta, 1966; Slattery, 1974). For that reason, his imbibition 
capillary pressure curve was given little weight in our suboptimi- 
zation of parameters. 

The parameters A* and T,,,~, were determined as previously 
described (see SUBOPTIMIZATION O F  PARAMETERS) by 
fitting the experimental drainage capillary pressure curve and the 
experimental imbibition capillary pressure curve using Eqs. 18 and 
19. In fitting the drainage capillary pressure curve, we deter- 
mine 

1 

rn,max 
- Imaxk (Or, A*, L*, z*)ll 

and a relation between A* and rn,max. In fitting the less reliable 
imbibition capillary pressure curve, we fix 

1 
rn,rnax 
-(mink (On, A*, L*, z*)ll 

and the absolute values of A* and r,,,,,. The absolute values of 
A* and affect only the value we assign L,,,,, in matching 
the single-phase permeability; L,,,,, plays no further role in our 
correlations. 

The parameters a, 6, n,  and a were determined by comparing 
our theory with the drainage capillary pressure curve and the 
drainage relative permeability curves only. 

The parameters found in this manner are 
A* = 0.434 a = 3.0 

0 = 2.5 rn,max = 1.87 X 10-3cm 

n = 6.4 L,,,,, = 2.98 x 10-3~m 
a = -0.25 
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Figure 2. Comparison of capillary pressure from randomized network model 
with experimental data for 100 lo 200 mesh sand (Leverett, 1941). 

Figure 2 compares capillary pressure from the randomized 
network model with Leverett's (1941) experimental data. In a free 
imbibition, the nonwetting phase may be trapped preferentially 
in the smaller pores, especially when the capillary pressure is small 
(Handy and Datta, 1966; Slattery, 1974). When the capillary 
pressure is sufficiently small, this isolated nonwetting phase may 
be subsequently displaced. This may explain the observed residual 
nonwetting phase saturation being lower than represented by our 
theory. 

Figure 3 compares the drainage relative permeabilities from the 
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Figure 3. Comparison of dralnage relative permeabllities from randomized 
network model with experimental data for 100 to 200 mesh sand (Leverett, 

1939). 
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Figure 4. Probability density functions for the pore size distribution from the 
randomized network model. I: 100 to 200 mesh sand (Levereii, 1939, 1941). 
II: uniform glass spheres (Topp and Miller, 1966). 111: sintered glass beads (Topp 

and Miller, 1966). 

randomized network model with Leverett's (1939) experimental 
data. In agreement with the experimental studies, our theory 
predicts that the relative permeabilities measured in a steady-state 
experiment will not depend upon the viscosity ratio. 

The probability density function for the pore size distribution 
is shown in Figure 4. 

Figure 5 shows the capillary pressure hysteresis loops predicted 
for this system. In this computation, the inlet-outlet positions are 
switched for the phases for the imbibition after the first drainage 
is completed and for the second drainage after the imbibition is 
completed. The distribution of the imbibition is the same as that 
for the second drainage, since p,'d = p; ,  at the same saturation. The 
experimental hysteresis lot ?s for this system are not available. 

Land (1968, 1971) suggested that the relation between the initial 
nonwetting phase saturation and the residual nonwetting phase 
saturation can be correlated by 

where 

(43) 

(44) 

s?'") is the residual nonwetting phase saturation, s!""' the initial 
nonwetting phase saturation, s!:) the irreducible wetting phase 
saturation, and c a constant characteristic of the porous media. 
Figure 6 compares the relationship between s?")' and s!"")' that 
we predict for this system with Eq. 42 for c = 1.436. The deviations 
that we predict are in agreement with some typical experimental 
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Figure 5. Capillary pressure hystereds loops predicted by randomized networlc 
model for 100 to 200 mesh sand. 

data (Land, 1971), which indicates that our assumptions about 
entrapment are reasonable. 

The hysteresis loops for the relative permeabilities are given in 
Figure 7. After the imbibition is completed, the relative perme- 
ability curves are reversible; the second drainage curves retrace 
the imbibition curves. This agrees with some experimental results 
(Geffen et al., 1951; Sandberg et al., 1958; Land, 1971), but dis- 
agrees with others (Colonna et al., 1972; Evrenos and Comer, 
1969). 

Evrenos and Comer (1969) suggest that the hysteresis behavior 
observed depends upon the design of the experiment. In Figures 
5 and 7, the inlet and outlet positions are reversed for the imbibition 
following completion of the first drainage and they are reversed 
again for the second drainage after completion of the imbibition. 
This procedure agrees with the experiment used to derive capillary 
pressure from pressure measurements under static conditions 
(Bruce and Welge, 1947; Purcell, 1949). But in experiments used 
to derive capillary pressure from pressure measurements during 
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Figure 6. Relationship between initial and residual nonwetting phase satura- 
tions predicted by the randomized network model for 100 to 200 mesh sand. 
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Figure 7. Hysteresis loops for relative permeablllties predicted by the ran- 
domized network model for 100 to 200 mesh sand. 

steady-state flows (Brown, 1951; Topp and Miller, 1966), the same 
inlet to core samples is used for both drainage and imbibition. 

Figures 8 and 9 compare these two procedures. The most notable 
difference is that the second drainage relative permeability curves 
retrace the imbibition curves, when the inlet and outlet positions 
are reversed; they do not, when the same inlet is used for both 
drainage and imbibition. When the inlets are the same, the second 
drainage relative permeability for the wetting phase is lower than 
the imbibition relative permeability; the second drainage relative 
permeability for the nonwetting phase is higher than the imbibition 
relative permeability; the imbibition curve for the nonwetting 
phase ends with the saturation of the wetting phase at 0.55 and the 
second drainage curve begins at 0.60. 
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Figure 8. Eliect of inlet positions on capillary pressure hysteresis. 
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Figure 9. Effect of inlet positions on relative permeability hysteresis. 

In Figures 5 and 7 through 9, the imbibition process proceeds 
until the residual nonwetting phase saturation is reached, even 
though the residual nonwetting phase saturation is larger than the 
nonwetting phase saturation at which the nonwetting phase relative 
permeability goes to zero. This is consistent with the observations 
of Land (1971) and of Keelan and Pugh (1975). The explanation 
is that the wetting phase can continue to imbibe, when the relative 
permeability of the nonwetting phase is zero. In many experiments, 
the imbibition is terminated when the relative permeability of the 
nonwetting phase goes to zero. When we similarly terminated an 
imbibition and did not reverse the inlet and outlet, the second 
drainage relative permeability curves almost retraced those for 
imbibition. This together with normal experimental error may 
explain the apparent disagreement between experimentalists to 
which we referred above regarding the reversibility of the relative 
permeability curves. 

Packed Uniform Spheres 

Figure 10 and 11 show the hysteresis loops for capillary pressure 
and the relative permeabilities measured by Topp and Miller 
(1966) in a packed bed of uniform spheres, the diameter of which 
were 181 pm. 

These figures also show the suboptimal fit of our theory to their 
hysteresis loop for capillary pressure and to their drainage relative 
permeability curves as well as our relative permeability curves 
predicted for imbibition. The parameters determined in the sub- 
optimal fit of our theory to their data were 

A *  = 0.736 a! = 45 
p = 45 
71 = 10.2 
u = -1.5 

r,,max = 6.30 X 10-3cm 
Lt,max = 8.18 X 10-%m 

The probability density function for the pore size distribution 
shown in Figure 4 indicates uniform pores. 

There is very little hysteresis in the relative permeabilities. This 
is in part attributable to the narrow pore size distribution. The small 
(large negative) value of a contributes by decreasing the effect of 
the breadth of the pore size distribution in Eq. 25. 

Sinlered Glass Beads 

Figures 12 and 13 present the hysteresis loop for capillary 
pressure and the relative permeabilities determined by Topp and 
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Figure 10. Comparison of caplllary pressure from randomized network model 
wlth experimental data for uniform 181 p m  glass spheres (Topp and Mlller, 

1966). 

Miller (1966) in a bed of sintered glass beads, the diameter of which 
were approximately 200 pm. 

Also shown are the suboptimal fits of our theory to their hysteresis 
loop for capillary pressure and to their drainage relative perme- 
ability curves as well as our relative permeability curves predicted 
for imbibition. In the suboptimal fit of our theory to their data, we 
found 
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Figure 11. Comparison of relative permeabilities from randomized network 
model wlth experimental data for uniform 181 p m  glass spheres (Topp and 

Miller, 1966). 
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Figure 12. Comparison of capillary pressure from randomized network model 
with experimental data for sintered 200 p m  glass beads (Topp and Miller, 

1966) 
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Figure 13. Comparison of relative permeabilities from randomized network 
model with experimental data for slntered 200 p m  glass beads (Topp and 

Miller, 1966). 
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The corresponding probability density function for the pore size 
distribution is shown in Figure 4. 

The deviations shown in Figures 12 and 13 are comparable to 
those in Figures 10 and 11, indicating no inherent difficulty with 
consolidated porous media. 
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NOTATION 

= a free parameter in Eq. 10 
= defined by Eq. 4 
= wall area of a pore unit of length L 
= amplitude of the sinusoidal function (Figure 1 )  
= defined by Eq. 9 
= acceleration of gravity 
= some quantity associated with phase i 
= local volume average for phase i of B ,  defined by 

= intrinsic volume average for phase i of B ,  defined by 

= defined by Eq. 24 
= a  constant characteristic of the porous media in 

= probability density function 
= identity tensor that transforms every spatial vector 

= permeability of the porous structure to a single 

= relative permeability of the porous structure to 

= pore length of unit pore 
= defined by Eq. 9 
= length of a side of the cubical averaging surface 
= total pore length between two adjacent nodes 
= total pore length of the largest pore between two ad- 

jacent nodes 
= average coordination number of the randomized 

network 
= pressure 
= dimensionless pressure defined as p / ( - A p ~ )  
= drainage capillary pressure 
= dimensionless drainage capillary pressure defined by 

= imbibition capillary pressure 
= dimensionless imbibition capillary pressure defined 

= capillary pressure function 
= pressure in the nonwetting phase 
= pressure in the wetting phase 
= intrinsic volume average for phase i of pressure 
= volume rate of flow through a sinusoidal pore of 

Eq. 1 

Eq. 2 

Eq. 42 

field into itself 

phase 

phase a 

Eq. (18) 

by Eq. 19 

length L 
= dimensionless volume rate of flow through a sinusoidal 

pore of length L, defined by Eq. 25 

network 

through the network 

~ 

= total dimensionless volume rate of flow through the 

= total dimensionless volume rate of flow of phase i 

= pore neck radius 
= maximum pore neck radius 
= configuration of the fluid-fluid interface in a sinus- 

oidal pore when the receding contact angle is zero and 
z,y = L / 2  

surface 

= defined as rs/r,, 
= region occupied by phase i within the averaging 

= local saturation of phase i 
= initial nonwetting phase saturation 
= dimensionless initial nonwetting phase saturation, 

= residual nonwetting phase saturation 
= dimensionless residual nonwetting phase saturation, 

defined by Eq. 43 
= irreducible wetting phase saturation 
= averaging surface 
= extra stress tensor 
= portion of the closed surface bounding R ( ’ )  composed 

= local volume average for phase i of extra stress 

= time 
= velocity vector 
= local volume average for phase i of velocity 
= volume enclosed by the averaging surface 
= volume of phase i contained by the averaging sur- 

= total dimensionless pore volume in the network, de- 

= volume of a pore between two nodes 
= volume of a pore unit 
= cylindrical coordinate 
= dimensionless cylindrical coordinate defined by Eq. 

= position of common line or three-phase line of contact 

defined by Eq. 44 

of phase interfaces 

tensor 

face 

fined by Eq. 35 

16 

for advancing phase interface in Figure 1 

Greek Letters 

= a free parameter in Eq. 13 
= a free parameter in Eq. 13 
= interfacial tension 
= contact angle measured through the wetting phase 
= advancing contact angle 
= receding contact angle 
= gamma function 
= angle between 0 and the axis of a pore in the net- 

= local porosity 
= density of phase i 
= viscosity of phase i 
= unit normal to SlS pointing into phase i 

work 

= divergence operation 
= gradient operator 
= indicating that an area integration is to be per- 

= indicating that a volume integration is to be per- 

= pressure drop over the network 
= pressure drop across a pore between two nodes 
= defined by Eq. 26 
= pressure drop across a pore unit of length L 
= dimensionless pressure difference taken from Figure 

formed 

formed 

1 of Neira and Payatakes (1979). 
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APPENDIX A: ENTRAPMENT OF DISPLACED PHASE 

Slattery (1974 and 1979) used an integral momentum balance 
as the basis for predicting the qualitative effects of several variables 
upon the entrapment of a displaced phase. Here we wish to extend 
that argument to include the effects of the viscosity ratio and the 
magnitude of the pressure gradient. 

Let us begin by slightly modifying Eq. 16 of Slattery (1974) to 
read 

in which we have defined 

(A-1) 

Retaining as much of the original notation as possible, we will 
understand here that IV ( p )  ( O ) I  is the magnitude of the gradient 
of the local volume average of pressure for the oil phase, e is the 
length of an individual pore, I+) is the length of the segment of 
displaced phase (oil) remaining in a pore at any given time, p(,) 
is the viscosity of the displaced hase (oil), ~ ( ~ 1  is the viscosity of 
the displacing phase (water), 3[:7is the z component of the viscous 
force exerted by the displayed phase (oil) on that rtion of the pore 
wall in contact with the displaced phase, and 3 g  is the z compo- 
nent of the viscous force exerted by the displacing phase (water) 
on that portion of the pore wall in contact with the displacing phase. 
All other quantities are defined by Slattery (1974), which must be 
consulted for the background required to understand the argu- 
ments that follows. 

For our present purposes, we will ignore the effects of the surface 
viscosities and set N ,  + = 0. Consider 

The sign of this term must be the opposite of du; , ) /dR*,  which 
leads us to conclude in the context of Slattery (1974): 

The fraction of the displaced phase trapped will descrease as the 
ratio of the viscosity of the displacing phase to the viscosity of the 
displaced phase is increased. 

In a similar manner, consider 

(A-4) 

Slattery (1974) would argue that more of the displaced phase will 
be trapped, when this derivative has the same sign as bu{ ,JdR*.  
For displacement of oil by water in oil-wet rock, both dui, , /bR* 
and B are positive; for restricted displacements of oil by brine in 
water-wet rock, both are negative (Slattery, 1974). We con- 
clude: 

The fraction of oil trapped in either oil-wet rock or in a restricted 
displacement through a water-wet rock will be enhanced by in- 
creasing the magnitude of the pressure gradient. 

No conclusion can be drawn regarding free or forced displacement 
of oil by water in a water-wet rock, unless we are willing to assume 
that the pores are right, circular cylinders. 

APPENDIX B: DERIVATION OF EQ. 21 

When a wetting phase is displaced in a sinusoidal pore by a 
nonwetting phase, the possibility of a discontinuous movement 
depends on the pore geometry and the receding contact angle (Oh 
and Slattery, 1979). As A* decreases, the position of the advancing 
interface (z,p in Figure 1) at which the discontinuous movement 
occurs increases, the region of discontinuous movement decreases, 
and the volume of the trapped wetting phase also decreases. If A * 
is so small that the interface can advance to the position of the 
maximum diameter ( zcy  = L/2)  without touching the pore wall, 
the discontinuous movement will never occur. The necessary and 
sufficient condition for continuous movement is that, when zcy  = 
L/2, the fluid-fluid interface intersects the pore wall in only a single 
common line or three-phase line of contact. 

When the receding contact angle is zero and zcp = L/2, the 
configuration on the interface in cylindrical coordinates is given 
by 

rf 5 = [ ( I  + A*)2 - (2'*)2]1/2 (B-1) 
rn 

in which 

(B-2) 2f *  5 Z *  - 0.5L* 

The shape of the pore wall in cylindrical coordinates is 

r , = - - l + -  * - r w  - A* [ 1 + c o s  (2z'*)] - (B-3) 
rn 2 

The necessary and sufficient condition for continuous movement 
is that, at zf*  = 0, (rw - 7,) is a minimum. This implies 

d ( r ;  - r ; )  
dz'* 

at zf*  = 0: = O  

and 

> O  
d2 (r:, - r ; )  

d P 2  
at zf* = 0: 

(B-4) 

Equation B-4 is satisfied identically; Eq. B-5 yields Eq. 21. 
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